Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

[ PHAN A. GIAI TiCH ]

CHUONG I. HAM SO LUY THUA, HAM SO MU VA HAM SO LOGARIT
§1. LOUY THUA

I. KHAI NIEM LUY THUA
1. Liiy thira véi 56 mii nguyén

Cho n 12 mét sé nguyén duong. Véi a 1a sé thuc tuy v, luy thira bac n cua a 1a tich cua
n thira sé a

a" = a.a...a
—
n thua so a
Véi a=0
a’ =1
1
-n __
iy

Trong biéu thirc a", ta goi a 1a co sd, n 1a s6 mil.
= Chay: 0°vaa"khong cé nghia.

Vi du 1: Tinh gia tri biéu thirc
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SO

=(2)"(2°) ":(-1.2)°
=2°27:—(27)
=2":—(2°%)=—2""=-2

2. Phwong trinh x" =b

a) Truong hop n lé: ,
Vi moi so6 thuc b,phuong trinh ¢ nghiém duy nhat.

b) Truong hop n chan:
e Vé4ib < 0, phuong trinh v6 nghiém;
e Vi b =0, phuong trinh c6 mot nghi¢m x = 0;
e V6ib >0, phuong trinh c6 hai nghiém tréi dau.

3. Can bacn

a) Khai nigm: Cho s6 thuc b va s6 nguyén duong n (n>2). Sé a dwoc goi ld cdn bdc n
cuabnéua'=h.

K/
0'0

VéGin lévabe R : c6 duy nhat mot can bac n cua b, ki hiéu 13 Yb

Véi n chin va b < 0: khdng ton tai cin bac n cuaa b;

V&i n chin vab = 0: ¢6 mot can bac ncua b 126 0;

Vi n chin va b > 0: ¢6 hai can trai dau, ki hiéu gia tri duong 1a Vb , con gia tri am

la -%b .

b) Tinh chdt cdn bac n

3

%

3

%

K/
0'0
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o Yaxlb=ab
Yo [a

= nj—

dp \b
o (da) =t
e {a, khi n 1¢
[ J a = -
al, khi n chan

e
Vi du 2: RGt gon biéu thic
a)¥/93/-27
b) /515
Giai:

a) §9.8/—27 =§/3}(-3°) =¥/-3° =-3
0) 355 =3[(+5) <5 ={[(5) =5

4. Luy thira véi s6 mii hiru ti

X -G m , ~ ]
Cho so0 thuc a duwong vasdo htuti r=—, trongd6 meZ,ne N,n>2. Luy thua
n
cia a v4i s6 mii r 1a a" xac dinh bai

m

an =

r n m

a a

2

Vidu 3: Tinh a) (%) b) (27)3

FN

Giai:
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1 1

216
TR

Il. TINH CHAT CUA LUY THUA VO1 SO MU THUC

w\N

a,beR;a,b>0
e a“.a” =a“"”
- (a°)’
e (a.b)” =a“.b”
(3) =%
) —_— e
b b~
aOl

® _— = aa_ﬂ
a”

> Néua>1thi a*>a’ <=> g5

» Néua<1thi a*>a’<= => a<pf

DR

BAI TAP AP DUNG

Bai 1. Tinh
g E 1 -0,75
a) 95.275 b) (Ej +0,25°"2
-3
¢) (0,04)°—(0,125)*" d) 2, 137, @j

-1
e) 98°, 325 | Gj
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Bai 2. Tinh
a/ alls.x/g b/ b1/2.b1/3.%
¢/ a**:3fa d/ 3fb b

Bai 3. RUt gon biéu thic

413 (a-1/3 4 az/a) b1/5(5 b —5/p~ )
1/4 (a3/4 +a71/4) b/ b2/3 (%_ 3 bfz )

b=l

a
a/
a
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§2. HAM SO LUY THUA
I. KHAI NIEM
Ham sé y=X“,aeR duoc goi 1a ham s luy thira .
1

Vidul: y=x%y=x%y=xPy=x?

= Chay: Tap xéac dinh cia ham s luy thira y = x? tuy thudc vao gia tri ciao
» o nguyén duong: D= R
» o nguyén @m hoaca.=0: D = R\{0}
» khong nguyén: D = (0; +)

I1. PAO HAM CUA HAM SO LUY THUA

(x*)'=ax*" (aeR;x>0)

(xﬁ)' = /5x, (x>0)

= Chay: (u“)'= au“'u

Vi du 3: {(3x2 —5X +1)j} :%(3x2 —5X +1)711(3x2 —5X +1)'

3 (o2 .
:Z(BX ~5x+1) 4(6x - 5)

I1l. KHAO SAT HAM SO LUY THUA y = x“
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y=x% a>0

Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

y = x%, a<0

1. Téap xéac dinh:D =(0;+o0)
2. Su bién thién
y'=ax*'>0,vx>0

Gi6i han dac biét :

lim x* =0, lim x* =+

x—0" X—>+00

Tiém can : Khong cé

1. Tap xac dinh: D = (0;+w)
2. Su bién thién

y'=ax*t<0,vx>0
Gi6i han dac biét:

lim X% =400, lim x* =0

x—0" X—>+00
Tiém can :
Ox la tiém can ngang,
Oy la tiém can dung cua db thi.

= Chuy: Khi khao sat ham s iy thira v6i s6 mil cu thé, ta phai xét ham sé d6 trén

toan bo tap xac dinh cua né.

-2

Vi du 4: Khao sat su bién thién va vé dd thi ham sé y=x ®

Tap xac dinh: D =(0;+x)

-5
Sw bién thién: y = Z2x3 = 2 <0
3x3

=>Ham s6 lubn nghich bién trén D

e TC: lim y=+w ; lim y=0

Xx—0" X—>+00

e D5 thi c6 tiém can ngang Ia truc hoanh, tiém can ding 1a truc tung

BBT: [ X -0 + 00

y+oo\
0

Do thi:
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BAI TAP
1. Tim tap xéac dinh cua cac ham sb
1
ay= (1-x)

b.y= (2—x2)
C. y:(xz—l)_2

3
5

2. Tinh dao ham cua cac ham sb sau
1
2) y = (26 —x+1)’ b) y=(x* ~x-2)"
3. Khao sat sy bién thién va v& db thi ham sé

5

a) y=x3 b)y = x?
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§3. LOGARIT

I. KHAI NIEM LOGARIT

1. Pinh nghia: Cho 2 s6 duong a, b véi a #1. S6 o thoa man dang thuc a* = b duoc
goi la logarit co so a cua b va ki hiéu la log, b

a=log.b<=a"“=b

Vidu1: a) log,8=3vi 2°=8

1 -2
b) log,9=-2 vi (—j =9
3 3

2. Tinh chat: Cho hai s6 duwongavab, a =1.
Ta c6 tinh chét sau:

% log,1=0;log,a=1
log, b
& a =D, |0ga a* = o

1
Vidu2: a) A= log,38 = log,8°

ol w

1
= log,(2°)° = log, 2

ollw

b) B = 92I0g34 +4Iog812: 92Iog34 94I09812
— (32)2Iog34.(92)2I09812: 34Iog34.812logg,12
= (3'°934)4.(81'°g812)2: 442%=1024

Il.QUY TAC TINH LOGARIT
1. Lbgarit caa mét tich

Pinh Iy 1: Cho 3 s6 duong &, by, b, véi a1, tacd :
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log, (b,b,) = log, b, + log, b,
Vidu3: log,9+log,4=10g,9.4=1log,36=2
2. LoOgarit cia mgt thwong
Pinh Iy 2: Cho 3 56 duong a, by, b, véia=1,taco:

Ioga% = Ioga bl - Ioga bZ

2

. 49 1
Vidu4: log,49-log,343=1log,—=1log,==-log, 7=-1
u 9, g, 9, 343 g, 7 g,
3. LOgarit cia mot liy thira
Pinh Iy 3: Cho 2 s6 duong a, b véi a = 1. Vi moi sd o, ta co

log, b* = alog, b

Pic biét: log, b = %Ioga b
Vi du 5:
1 2 9 2
a) log,4"” =log, 27 :7Iog22:7
b) log, \/g_%logsls =log; \/@_ log; \/E
J3 1 2o
=log,——==1l0og. ——==10g.5 2 =—=
95\/]3 g5\/§ g5 2
111. POI CO SO

Pinh ly 4: Cho 3 s6 duong a, b, c véi a=1, c=1 tacod

_ log b

log, b =
log. a

a

bac biét:

T6 Toan — Khoa khoa hoc co ban Trang 10



Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

1
0g,a

log,b = = (b1); log,. b = L10g, b(a #0)
(04

IV. LOGARIT THAP PHAN — LOGARIT TU NHIEN

1. Logarit th@p phan: 1a 16garit co s6 10.
log,, b dugc viet la logb hoac Igb
2. Logarit tze nhién : 13 16garit co sb e
log, bdugc viet la Inb
BAI TAP
Bai 1: Tinh gi4 tri biéu thac

— 1. —  s3logg 3 + 2l0g;e5 2—-log,3
A= log,5.log,, —; B = 4% Cc=(4 2
09, 5105 - (4)

Bai 2: Tinh
2) Iogzé b) log, 2 ¢) log, 43
4
d) log,;0,125 e) log, 232 f) 10g127.3/§
2 3
Bai 3: Tinh
a) 4I0g23 b) 27loggz C) 9Iogﬁ2
2-log 5
1 B
T O e
) ) (5) ) N
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§4. HAM SO MU. HAM SO LOGARIT

A.LY THUYET
I. HAM SO MU
1. Dinh nghia

Giasta>0vaa+#1

Ham sé y = a* duoc goi 1a ham sé mii co sb a

e Luwuy: hamsoy = e* con dwoc ki hiéu 1ay = exp(X).

2. Pao ham
binhli 1
a) Hamsdy = a* c6 dao ham tai moi xe va
(@) =a’lna
Ta co: () = ¢*

b) Néu ham s6 u = u(x) c6 dao ham trén K thi ham hop y = a" ciing c6 dao ham
trén K va

Taco: | (e") =ue" | va (a ) =ua’lna

Vidul:
al (2) =2"In2
b/ (3%%) = (cosx) .3°*In3 = -sinx.3%*In3
o/ (€)= (2x) e =2¢e*
d/ (e™™) = (sinx) e"™ = cosx e

sinx
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3. Khao sat ham sé y = a*, (a>0, a#1)

b) Péong bién trén R

¢) Bo thi :
-Pi qua diém M(0;1)
-Nam phia trén truc hoanh
-Nhan truc hoanh lam tiém can

a>1 O<a<l
a) TapxacdinhlaR ; tap giatrila a) TapxacdinhlaR ; tap giatrila
khoang khoang
(0;+0) (0;+00)

b) Nghich bién trén R

¢) Bo thi :
-Pi qua diém M(0;1)
-Nam phia trén truc hoanh
-Nhan truc hoanh lam tiém can

ngang ngang
A M X
y y=a y=a v A
M 1
_/‘ 1 M \_
0 X n X

1. HAM SO LOGARIT
1. Pinh nghia

Gia sir a>0 va a#1. Ham s6 y=log, x duoc goi la ham sé 1dgarit co s a.

Luuy:

ki hieu vy = logx (hoic lgx) 1a ham s 16garit co s 10
y = Inx 1a ham s 16garit co s e.

2. Pao ham
Pinh i 2

a) Hamsd y=log, x c6 dao ham tai moi diém tai moi x >0va

T6 Toan — Khoa khoa hoc co ban
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(log,x) =
xIna

(Inx) = 1
X

b) Néu ham s6 u = u(x) >0 va c6 dao ham trén K thi ham hop y =log, u
cO dao ham trén K va

(log,u) = ——
ulna
(Inuy =%
u
Vidu 2:
a)  (log,cosx) = (cosx) _ —sinx _ —tanx
cosX.In3  cosx.In3 In3

2X

b) (In ¢1+X2 ':(\/1+X2)I:2 1+X2 — X
JIex? L+x? 14X

3. Khao sat hamsd y=log, x, (a> 0, a#1)

a>1 O0<ax<l1
a) Tap xac dinh: D = (0;+o0); a) Tap xac dinh: D = (0;+x);
tapgiatrilaR tapgiatrilaR

b) Pong bién trén khoang (0;+o0) b) Nghich bién trén khoang (0;+x)
¢) Po thi : ¢) Bo thi :

-Pi qua diém M(1;0) -Pi qua diém M(1;0)

-Nam & bén phai truc tung -Nam & bén phai truc tung

-Nhan truc tung lam tiém céan - Nhan truc tung lam tiém can dang.

dang.
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Y A A

y=log.x

B. BAI TAP
1/Tim tap xéac dinh cua cac ham sé

a) y = log,(5— 2x); b) logs(x? — 2x) ;

3x+2

c) y =logi(x* — 4x + 3);d) y = log , -
5

—-X

2/ Tim x thoa
a) 2>0,25; b) (0,5)*<16; c)logi(4x +3) > 1;d)log;
5

3x+2
1-x

<1
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85. PHUONG TRINH MU VA PHUONG TRINH LOGARIT

A.LY THUYET
|. PHUONG TRINH MU

1. Phwong trinh mii cin ban a*=b (1)

% b < 0: phuong trinh (1) v6 nghiém ’
¢ b> 0: phuong trinh (1) ¢6 nghiém duy nhat: x = log,b.

2. Cach giai mgt s6 phwong trinh mii don gian

a) Pua vé cung co sb a®=a’ < a=p

Vidu 1l: Giai phuong trinh
9X+1 — 27X-2 PN (32)X+1 — (33)X-2
o 32X+2 = 33X-6
& 2X-2 = 3X-6
S X=4
Viy phuong trinh ¢6 nghiém duy nhat x = 4.

b) Phwong phap dit 4n phu:| datt=a"®

Vidu 2: Giai phuong trinh
3%?2+231.3=0(1)
3D 1231 .3=0
o (N2 +231-3=0(2)

pat: t =31, (t>0)

()= t?+2t-3=0
=>t =1 (nhan) v t = 3 (nhan)
*oitzleFlz1le3!=3oex-1=0cx=1
*oit=3e P!=3aF!=3ex-1=1ox=2
Vay phuong trinh (1) ¢6 2 nghiém x = 1 hoac x = 2.

c) Phuwong phap logarit héa: | u>0, v >0 thilog,u=logv<u=v
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Vi du 3: Giai phwong trinh  3*1.2% = 4%2
312" = 4% < log,(31.2%) = log,(4*?)
& 10go(3") + 10gy(2") = logy(4?)
<(x—1) log,3 + x.10g,2 = (X — 2)log,4
<(x—1) log,3 + x = (X —2)2
< (log,3 —1)x =log,3 -4

3
‘= log,3-4 _log,3-1log,16 _ IOQZE _log 3
log,3-1 log,3-log, 2 |ng§ 216

2

Viy phuong trinh ¢6 mot nghiém duy nhat x= log, %
2

I. PHUONG TRINH LOGARIT
1. Phuong trinh légarit cin ban: | logx=m < x=a" (meR)

Vidu4: logyx=3<x=2°=8
2. Cach giai mot so phwong trinh légarit don gian

a) Pwa vé ciing co s6: u>0,v>0thilogu=logyv<u=v

Vi du 5: Giai phuong trinh  log,x* = logy(-X + 2)
DPiéukién: —x +2>0 vax #0 < x<2vax#0
logsx? = loga(— X + 2) <>logox = logy(— X +2) & X ==X + 2
& 2X =2
< x=1 (nhan)
Viy phuong trinh c6 mot nghiém duy nhat x = 1.

b) Phwong phap dit an phu
Vi du 6: Giai phuong trinh
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6 N 4
1+log,x 2log, x

dk:x>0;x¢%;x¢l

6 N 4
1+log,x 2log, x
<:>i+i:3;(t:Iogzx);(t;to,t;t—l)

1+t 2t
& 12t + 4+ 4t = 6t + 6t°
& 6t -10t-4=0

<:>t:2;t:_—1
3

*t=2<log,x=2<x%x=4
-1

*tz_—1<:>logzx:_—1<:>x:2? L
3 2
Vay phuong trinh ¢6 nghiém: x=4 hoac x= %

B. BAI TAP
Céu 1: Giai cac phuong trinh sau day
2 2x+1 i x
a) P =G3)

b) (2% = ()™

c)2*+1 4+ 2%1 4 2% =28
d)64* — 8% —56 =0
€)34% — 26% = 9%
Céu 2: Giai cac phuong trinh sau day
a/ log;(5x + 3) = log;(7x + 5)
b/ log(x — 1) —log(2x — 11) = log 2
c/log,(x —5) +log,(x+2) =3
d/ log(x? — 6x + 7) = log(x — 3)
e/ logy14 =1 + logy(x — 1)
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§ 6. BAT PHUONG TRINH MU VA
BAT PHUONG TRINH LOGARIT

A. LY THUYET

Béat Phwong trinh mii co ban Béat Phwong trinh 1garit co ban
Dang:a* > b; (a>0vaa#1) Dang :log,x >b; (a>0vaa+1)
hoica* < b; a* <b; a* = b hoac log, x < b; log,x = b; log,x < b
Luu v cong thirc: Luu v cong thirc:

Néua>1thia® >a" < m>n Néua>1:log,b>log,c<b>c

NéuO<a<1thia®>a"em<n [NéuO<a<l:logb>logceb<c

Cach giai: Cach qgiai:
Co thé dung mét trong cac phuong phap | C6 thé ding mét trong cac phuong phéap
sau day . ) sau day
- Dua vé cling mét co sb - Pua vé cling mot co sb
- Phuong phap dat an phu - Phuong phap dit an phu
- Phuong phép logarit hoa - Phuong phép mii hoa
Vi du 1: a) Giai bit phuong trinh 2°* > 0,25
o 94 5 92
< 3X-4> -2
< Xx>2/3

Vay tap nghiém cua bpt 1a: S= (2/3 ; +x).
b) Giai bat phuong trinh loggs(1-2x) > 1
PbK:1-2x>0<x<1/2

< 10go5(1-2x) > 10gg 50,5
< 1-2x< 0,5
< 14 <x

Vay tap nghiém cua bpt la: S= (1/4; 1/2).
¢) Giai bat phuong trinh:  4¥—3.2X+2>0 (1)

& (2% =3.2X4+2>0(2)
Pit t=2¥>0, (t>0)
Q) =t?—3t+2>0=t<1hodct>2
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*Voio<t<loeo2!<lox<0e xe(—x;0)
* Voit>22>20 x> 1 o xe(1; +)
Vay tap nghiém cua bat phuong trinh (1) la: S= (—o0; 0) U (1; +0)

B. BAI TAP
1/ logg(4 — 2x) = 2
2/ logi(3x — 5) > logi(x + 1)
5

3/ 23+45X >1
4/ 16* < 0,25
5/ logy3(x% — 6x +5) = 2logs(2 - X) > 0

ON TAP CHUONG I

1/ Giai cac phuong trinh va bat phuong trinh
5+5 X+17

a)32x7 =0,125.128 <3
b)5** =10*27*5*"

2 4x § 2—X
C)(3) >(2)
d)25% — 6.5+ 5 = 0
e)2(log, x)*x — 14log,x+3 =10

742X 8.7+ 1= 0
i)log,(x—3) + 2log,3.logs;x =2
D3X -3 42 =0
k)(log, x)? + 3log,(2x) —1 =10
h)log;(x +2) > 1 —logs x
2/ Cho log, x = v/2. Tinh gié tri cua biéu thirc A = log, x? + log1 x3 + log, x.
2
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CHUONG II. NGUYEN HAM — TiCH PHAN VA UNG DUNG
§1. NGUYEN HAM

A. KIEN THUC CAN NHO
I. NGUYEN HAM VA TINH CHAT
1. Nguyén ham

Pinh nghia: Cho ham sé f(x) xac dinh trén K. Ham sb F(x) duoc goi 13 nguyén ham
ctia ham s6 f(x) trén K néu F'(x) = f(x) v&i moi x € K.

Vidu 1:
a) Ham s6 F(x) = x? 1a mot nguyén ham caa ham sé f(x) = 2x trén khoang
(—o0; +0) Vi F'(x) = (x?)' = 2x; Vx € (—00; +0).
b) Ham s6 F(x) = Inx 1a mot nguyén ham cua ham sé f(x) = % trén khoang
(0; +00) Vi F'(x) = (Inx)' = =; ¥x € (0; +00).

Néu F(x) 1a mot nguyén ham ciaa ham sé f(x) trén K thi F(x) + C,C € R 1a ho tat
ca cac nguyén ham cua f(x) trén K. Ki hi¢u

ff(x) dx =F(x) + C

= Chuy: Biéu thirc f(x)dx chinh 14 vi phan cta nguyén ham F(x) cua f(x)
(Vi dF(x) = F'(x)dx = f(x)dx)
Vidu 2:
a) Voix € (—o; +0); [2xdx = x? + C;
b) Véix € (0; +o0); f%dx = Inx + C;
¢) Véix € (—o; +m); [ cosxdx = sinx + C
2. Tinh chit ciia nguyén ham
1) [ f(x)'dx = f(x) + C;
2) [kf(x)dx = k [ f(x)dx;k 12 hing s& khac 0;
3) [If(x) + gG0ldx = [ () dx + [ g(x) dx
Vi du 3:

1) f(cosx)'dx = [(—sinx) dx = cosx + C
2) V6i x € (0; +) taco
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3 1
f <SSinx + ;) dx =15 .[ sinx dx + 3f;dx = —5cosx + 3lnx + C
3. Sy ton tai nguyén ham
Moi ham s6 f(x) lién tyc trén K déu c6 nguyén ham trén K.
Vidu 4:
i 2
a) Ham s0 f(x) = x3 ¢c6 nguyén ham trén khoang (0; +o0) va
2 35
f x3dx = §x3 +C

1

sin?x

b) Ham s6 g(x) = c6 nguyén ham trén tirng khoang (km; (k + 1)m); (k € Z) va

1
f — dx = —cotx+ C
sin4x

4. Bang nguyén ham ciia mét s6 ham so thwong gip

deX=C faxdx=%+c; (@a>0;a#1)
jdx=x+C jcosxdx=sinx+C
Xn+1
fx“dx= +C; (n#-1) fsinxdx=—cosx+c
n+1
1 1
f—dx=1n|x|+C f —dx = tanx + C
X c0s?x
1
jexdxzeX+C f_z dx = —cotx + C
sin?x

II. PHUONG PHAP TiNH NGUYEN HAM
1. Phwong phap ddi bién sb
Pinhlil:

Néu [ f(u) du = F(u) + Cvau = u(x) la ham sé cé dao ham lién tuc thi

ff(u(x)).u’(x)dx = F(u(x)) + C.

% HEqua. Voiu=ax+Db(a#0),tacod
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1
jf(ax+b)dx=gF(ax+b)+C

Vidu 5: Tinh [ sin(3x — 1) dx
Vi
[ sinudx = —cosu + C nén theo h¢ qua ta co

1
f sin(3x —1)dx = —gcos(Bx -1 +C

2. Phwong phap tinh nguyén ham tirng phin
Pinh li 2:

Néu hai ham sé6 u = u(xX)va v = v(x) ¢é dao ham lién tuc trén K thi

fu(x).v’(x)dx =ux)v(x) — f u' (x)v(x)dx.

= Chuay:

Vi u’'(x)dx = du; v'(x)dx = dv; nén dang thirc trén con dugc viét dudi dang:

judv=uv—jvdv

Pay la cong thirc tinh nguyén ham ting phan.
B. BAI TAP AP DUNG
Vidu 6: Tinh I = [ cosx sin®xdx
Giai
bat t = sinx & dt = cosxdx
Khi d6

1 1
I = fcosxsin3xdx= ft3 dt=Zt4+C ==Zsin4x+C

Vi du 7: Tinh céc tich phan sau
a) [ xe*dx b) [xcosxdx ¢) [Inxdx
Giai

a) [ = [ xe*dx
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Dét{ u=x {du=dx

dv = e*dx v = eX
Do d6 I = [ xe*dx = xe* — [ e*du = xe* — e* + C

b) 1= [ xcosxdx
u=x du = dx
bat = .
dv = cosxd.x V = Ssinx

[ = chosxdx = Xsinx — f sinx dx = xsinx + cosx + C.

¢) I = [Inxdx

{u = Inx duzldx
—

dv = dx _ X
V=X

Dit

[ = [Inxdx = xlnx — [dx = xlnx —x + C

C. BAI TAP
1. Tim nguyén ham cta cac ham sb sau
x+Vx+1 2% —1
f(x) = ———; b) f(x) =
) 1) = = )00 =
o) f(x) = —; d) f(x) = sin5x. cos3x
sin?xcos?x
() = ————; G0 = <
D) = T DG -5 DI = o 3ext 9)
2. St dung phuong phéap doi bién, hay tinh
a) J(B —x)1%x; b) jx(l + x2)20%dx
) f 2 sinxdx - q j dx
C) | cos“X.sinxdx; ) Spp———
3. Sir dung phuong phap tinh nguyén ham timg phan, hay tinh:
a) f xsin?xdx ; b) fxzsinxdx
X
c)f ——dx; d) f(x2 + 2x — 1)e*dx
sin?x

T6 Toan — Khoa khoa hoc co ban Trang 24



Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

e)fxln(x+ 1)dx; f) jxsin(2x+ 1)dx

g) f(l — x)cosxdx;; h) fxsinxdx
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§ 2. TICH PHAN
A. KIEN THUC CO BAN
I. Khai nién tich phan
1. Dién tich hinh thang cong
Cho ham sé y = f(x) lién tuc, khong ddi dau trén doan [a; b]. Hinh phang gioi

han bai d6 thi cia ham s6 y = f(x), truc hoanh va hai duong thang x = a; x = b
duoc goi la hinh thang cong ( H. 1a)

O 16p dudi, ta da biét cach tinh dién tich hinh chit nhat, hinh tam giac. By gio,

ta xét bai toan tinh dién tich hinh phang D gii han béi mot duong cong kin bat ki ( H.
1Db).

P.- M
y = f(x)
-
O 2 b e
a) b)

Hinh 1

Bang cach ké cac duong thang song song véi cac truc toa do, ta chia D thanh
nhtrng hinh nho 1a nhitng hinh thang cong (H.1a). Bai toan trén dugc dua vé tinh dién tich
cua hinh thang cong.

Bai toan tim dién tich hinh thang cong bat ki:

Cho hinh thang cong gi6i han bdi cac duong thang x = a; x = b; (a < b), truc
hoanh va duong cong y = f(x), trong d6 f(x) 1a ham so lién tuc, khong am trén doan
[a; b].

Véi mbi x € [a; b]. Ki hiéu S(x) 1a dién tich cta phan hinh thang cong d6 ndm giira
hai duong thang vudng goc voi Ox lan lugt tai a va x ( H.2).

Ta chirmg minh dugc S(x) 1a mot nguyén ham cua f(x) trén doan [a; b].
Gia sir F(x) 1a mot nguyén ham cua f(x) thi c6 mot hang sé C sao cho S(x) = F(x) + C.
ViS(a) = 0nénF(a) + C= 0 hay C = —F(a).
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Vay S(x) = F(x) — F(a).
Thay x = b vao dang thirc trén, ta c6 dién tich cta hinh thang can tim 1a

S(b) = F(b) — F(a).

y=f(x)
5fx)

o & ® b

2. Dinh nghia tich phan

Cho f(x) 12 ham s6 lién tuc trén doan [a; b]. Gia sit F(x) 1a mot nguyén ham cua f(x)
trén doan [a; b].

Hi¢u s6 F(b)-F(a) dugc goi 1a tich phan tir a dén b (hay tich phan xac dinh trén doan
[a; b]) ciia ham so f(x).

b

j () dx = FGOb = F(b) — F(a)

a

Ta goi a 14 can dudi, b 13 can trén, f(x)dx 1a biéu thirc dudi dau tich phan va f(x) 1a
ham s6 dudi dau tich phan.

= Chuay:

Truong hop a = b hoac a > b, ta quy udce

a b a

jf(x) dx = 0; ff(x) dx = —Jf(x) dx

Vidu 1:

3

1 1 26
fxzdngxz“li :5(33 —13) ==
1

T6 Toan — Khoa khoa hoc co ban Trang 27



Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

e
1
j?dt=lnt|§ =lne—Inl=1-0=1.
1
* Nhéan xét:

a) Tich phan ctia ham s6 f tir a dén b c6 thé ki hiéu boi f f(x) dx hay f f(t)dt Tich
phan d6 chi phu thudc vao f va cac can a; b ma khong phu thude vao bién s x
hay t.

b) Y nghia hinh hoc cua tich phan: Néu ham s6 f(x) lién tuc va khéng am trén doan
[a;b], thi tich phan fab f(x) la dién tich S ciia hinh thang cong giéi han béi do thi
cua f(x), truc Ox va hai duong thang x = a; x = b (H.1a). Vay

b

= j f(x) dx
a
II. TINH CHAT CUA TiCH PHAN
b b
1) jkf(x) dx = kj f(x) dx; k 1a hang sd
a a
b b
](f(x) +g(x))dx = jf(x) dx + j g(x) dx
a a a
b c
f f(x) dx = f f(x) dx + f f(x)dx.
a a C

Vi du 2: Tinh f02(4x3 —2x+ 5)dx
Giai
2 2

2 2

f(4x3 —2x+5)dx = 4fx3 dx — 2[xdx+ 5]dx =&H3 - )3 +5)|3 =22
0 0 0

III. PHUONG PHAP TIiNH TiCH PHAN

1. Phwong phap doi bién
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Pinh 1i. Cho ham sé f (x) lién tuc trén doan [a; b]. Gia sir ham sé x = ¢(t) ¢6 dao ham

lién tuc trén doan [a; B] sao cho () = a; (B) = bvaa < @(t) < b voi moi
t € [a; B]. Khi do

b B
] f(x) dx = f f((@(©). @' () dt

Vidu 3: Tinh [ 2 sin*xcosx dx
Giai
Pit u = sinx. Tacod u’ = cosx.
. N - TC N T
Khi x = 0 thi u(0) = 0, khi x = ;thl u(;) = 1.
Vay

1

T
2
in2 2 1 3]1 1
sinxcosxdx = | u®du = 3 Y lo ==
0 0
2. Phwong phap tinh tich phan tirng phin

Pinh li. Néu u=u(x) va v=v(x) la hai ham sé c6 dao ham lién tuc trén doan [a; b] thi
b

b
fu(x) v (x)dx = (u)v(x))[L — f u'(x) v(x)dx
a b ba
hay fudv= uv|? —fvdu

Vi du 4: Tinh

Giai
- u = Inx du = 2dx
bat {dv = dx { v =XX

Taco
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I—flnxdx—xlnxl1 fdx—elne—llnl—xll—e—e+1—1

B. BAI TAP AP DUNG
Bai 1: T|nh

1 X
fo (1+x2)3 dx
Giai
batu = 1 +x%tacou’ = 2X u(0) = 1;u(1) = 2 nén

f 1f1d_11_1(1 1)3
A+ ¥ =2 = "1wl, = 1z 16
1
Bai 2: Tinh foz xsinx dx
Giai
< u=x du = dx
Dat {dV = sinxdx = {V = —(COSX
Do do
TC
2 2
s L L
stinx dx = (—xcosx)|¢ + j cosxdx = (—xcosx)|? + (sinx)[2 =0+ 1= 1.
0 0

Bai 3: Tinh 1= [2xcosxdx
Giai

o u=x du=dx
bat => .
dv=cosxdx v=sinx
T TC

T
2
T T I m
[ = fxcosxdx = (xsinx) | — f sink dx = (xsinx)|> + (cosx)|Z = 5~ 1

0 0

Sl

BAI TAP
1. Tinh c&c tich phan sau:
1
2 2
a) f(x&+2x3+5)dx b) f3 (1-x)%dx;
0 1
2

T6 Toan — Khoa khoa hoc co ban Trang 30



Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

T

2 2
f ! d d f in%x dx;
) X+ D) X ) sin“x dx;
1 0
2
T 2
e) f sin2xcos?x dx b) j(x% + x5Vx + 7X) dx;
0 0
2. Str dung phwong phap d6i bién, hiy tinh
1 1
J = 4 b) 1= f s
%) T +x23 ) 1= s
0 0
L
2 2
) j in2x. cosxd ) f X 4
C sin“x. cosxdx X;
LS
2 e
_ In?x
e) jsmx. cos?x dx b) dex;
0 1

3. St dung phuong phép tinh tich phan tirng phan, hiy tinh

TC

2 e
a) J(X + 1)sinx dx b) flenx dx;
0 1
L
T 2
o I= Jx(l + cosx)dx d) f(Zx — 3)sinx dx;
1 0
1 2
e) fln(l + x) dx b) f(xz —2x—1)e7*dx;
0 0
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§3. UNG DUNG CUA TiCH PHAN TRONG HINH HQC
A. Kién thirc co ban
I. TINH DIEN TiCH HINH PHANG
1. Hinh phing giéi han béi mét dwdng cong va truc hoanh

Dign tich S ctia hinh phang gi6i han béi do thi ctia ham s6 f(x) lién tuc, truc hoanh va
hai duong thang x = a; x = b (H. 4) dugc tinh bdi cong thuc

F M
b
- j IF (0l dx A

o
W

Hinh 4
2. Hinh phing gi6i han béi hai dwong cong

Cho hai dudng cong f(x) va g(x) lién tuc trén doan [a; b]. Goi D 14 hinh phang gidi
han bdi do thi cua hai ham so do va cac duong thang x = a; x = b (H. 5) dugc tinh boi
cong thirc.

¥ A

s = j () — gGOldx ()

W

Hinh 5

= Chuy: Khi ap dung cong thirc (*), can khir ddu gia tri tuyét dbi ctia ham sé dudi
dau tich phan. Mudn vay, ta giai phuong trinh f(x) — g(x) = 0 trén doan [a, b].
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Gia st phuong trinh c¢6 hai nghiém ¢; d (¢ < d). Khi d6, f(x) — g(x) khong ddi ddu
trén cac doan [a; c]; [c; d]; [d; b]. Trén mdi doan d6, chang han trén doan [a; c], ta

Cco

flf(X) -

g)dx =

[ [(x) — g()] dx

Vi du 1: Tinh dién tich hinh phiang duoc gidi han boi do thi ciia ham sd y = x3, truc

hoanh va hai duong thing x = —1
Giai

2 0
S = f|X3|dX= J(—x)3dx+
-1 -1

; Xx=2(H.6)

2

fx3dx

0

W

Hinh 6

Vi du 2: Tinh dién tich hinh phing gi6i han boi db thi cua cac ham sb:y = x>~ x- 4 va

y =x-1.
Giai

Ta c6: hoanh do giao diém cta hai o thilax? - x- 4 = x- 1

& xP-x-4— x4+ 1=0=>X2—2X—3=0<=>[

Vay dién tich can tim la:

Dox?—2x—3<0; Vx€[—

Suyra

x=-1
x=3

3
S = leZ—ZX—3|dX
1

1; 3]
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3 3
3
S = JIXZ—Zx—SIdx=S= j(—x2+2x+3)dx=<—§+xz+3x>
21 21

II. TINH THE TiCH
1. Thé tich ciia vt thé

Vit thé giéi han bai mot mat cong va hai mit phangx = a; x = b; a<b,S(x) la
dién tich cua thiét dién cua vat thé trén mot mat phang vuéng goc véi 0x. S(x) lién tuc
trén [a; b].

Thé tich vat thé 1a

b
V= f S(x) dx
a
2. Thé tich ciia khéi chop va khdi chép cut
* Thé tich cta khéi chop la:
Bh
~ 3

Vi khdi chop c6 chiéu cao bang h va dién tich day bang B.
* Thé tich cua khéi chop cut la:

h
14 =§(B+\/B.B’+B’)

Vi khoi chop cut tao baoi khoi chop dinh S ¢6 dién tich hai day lan luot 12 B; B va cé
chi€u cao bang h.

III. THE TiCH KHOI TRON XOAY

1. Thé tich khoi tron xoay quay quanh truc ox

Thé tich khdi tron xoay do hinh phang gidi han boiy = f(x) (C);x=a;x=b,y=0;
(a <b), quay quanh Ox

b 4
— 2
V—T[ff(x)dx v=f(
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Hinh 9
2. Thé tich khdi tron xoay khi quay quanh Oy.

Thé tich khéi tron xoay sinh ra do hinh phang gidi han béi cac duong x = g(y), truc
Oy,y = a,y = b(a < b) quay quanh Oy la:

v=a[ x2(y)dy

Ja

x =g(y)

A\

v

Hinhl10

B. BAI TAP AP DUNG

Bai 1: Tinh dién tich hinh phang gi¢i han boi hai duong congy = x> —x vay=x—

X2,

Giai
Taco: f(x) —gx) =x3—x) — (x—x?) =x3+x* — 2x
fx)—gx)=0ex3+x2-2x=0Sx%x, = —-2; X, = 0;x3 = 1.

Vay dién tich hinh phang da cho la:

1
S = f|X3+X2—2X|dX
=2
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0 1
= j(x3+xz—2x)dx+ f(x3+xz—2x)dx
2 0

xt X3 0
X X5
(%)

x* X3 !

X

(5 )
0

Bai 2: Tinh thé tich vat thé tron xoay do phan dudng tron (C): x2 + y? = R? tam O khi
quay xung quanh truc OX.

8 5 37

- =3t 12

+

Giai
Khi (C) quay quanh Ox ta c6 mit cau, thé tich khdi cau 1a
R

V=nJ(\/R2—x2)2dx= j(RZ—xZ)dx=n<R2x—x—3>

Ry

= —71tR3
37'[

3

-R
BAI TAP
1. Tinh dién tich hinh phang giéi han béi cac dudng
Q) y=x%y=x+2;
b) y = [Inx|;
)y =(x—6)?% y=6x—x%

2. Tinh dién tich hinh phang gii han boi duong cong y = x? + 1, tiép tuyén v6i dudng
nay tai diem M(2; 5) va truc Oy.

3. Tinh thé tich khéi tron xoay do hinh phang gi6i han bdi cac dudng sau khi quay xung
quanh truc Ox:

aA)y=1—-x%y=0;

b)y =cosx;y = 0;x = 0; X = ;

)y =tanx;y = 0;x = 0;x =E.
ON TAP CHUONG II
1. Tinh
X + 1)?
a) f(Z — x)sinxdx; b) fudx
Vx
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1
C)_fxz—Sx+6dX;

e) f xcosxdx ;

1
—dx;
g).f\/x+ 14+ Vx
2. Tinh:

a) | 3x(x +/x% + 16) dx;

(x+ 1)(X + 2)(X + 3)

c)

[
/

3. Tinh
3
) [ =
a X
; vx+1
e

V4 + 5Inx
c)f—

X

dx;

1

TC
e)f V1 — cos2x dx;
0

2
g)fxze3X dx;
0

Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

d) j xe*dx

f 3X+1
) eX+1

h) j(3 e+ &

2
b) j(Z.X3 — Inx)dx
1
2
d j 1 d
) x2—2x—3 X
0
In2
b) j eX(e* — 1)%dx
0
1
d) fxz(x— 1)%dx
0

T
f) f\/l + sinZ2x dx

h) | cos2x.sin?xdx

CSY——na ©

3. Xét hinh phang D gi6i han boiy = 2V1 —x2vay = 2(1 — x).

a) Tinh dién tich hinh D.

b) Quay hinh D xung quanh tryc Ox. Tinh thé tich khdi tron xoay dugc tao thanh.
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CHUONG III SO PHUC
§10. SO PHUC

1.86i: i*=-1
2. Pinh nghia s6 phirc
e Tap hop sd phic: C
e S6 phuc (dang dai s6): z=a+bi
(a, be R, ala phan thyc, b 12 phin 4o, i 1a don vi 4o, i = —1)
e 713 s6 thuc < phan 4o cta z bang 0 (b = 0)
z 12 thuan 40 < phan thyc ciia z bang 0 (a = 0)
S6 0 vira 1a 6 thue vira 1a sb ao.
a=a'
b=>b'
4. Biéu dién hinh hoc: Sb phirc z = a + bi (a, be R) duoc biéu dién boi diém M(a; b)
hay bo1 u = (a; b) trong mp(Oxy) (mp phtrc)

}

3.S6 phirc bflng nhau: a+bi=da +bi <:>{ (a,b,a',b'eR)

I M{a+bi)
0‘ > x
5. Médun ciia sé phirc 1 z = a + bi
o ld=va? +b* ==z =loml
0|z|20,VzeC, |z|=0<:>z=0
o lzz]=ld |z i :% o le—lzl|<lz+ 21 <ol +lz]

6. SO phirc lién hop cuasé phitcz=a + bila 7 =a—bi

- . TS, oo = 7 . — 2 2
e 7=z, zxz'=zxz7'; z.z7'=2z2} {—1J=_—1, zZ2=a" +b
9} %)
e 7lasdthuc < z=7 ; zlasddo < z=-7
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BAI TAP

Bai 1: Tim phan thuc va phan 4o cua sb phirc

az=1-mi b)z=\/5—i
oz=22 d)z =7
Bai 2: Tim céc sb thuc X, y biét
A)Bx=2)+2y+Di=(x+1)—(y—75)i
bY(1=2x)—ixf3 =5 +(1-3y)i
2x+y)+Ry—x)i=(x—-2y+3)+(y+2x+1)i

Bai 3: Tinh \z\ biét :
a) z==2+i3 b) z=+2-3i

¢) z=-5 d) z=i3
Bai 4 : Tim z biét:
a) z=1-i\2 b) z=~2+i\3
c) z=5 d) z=7i
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§11. CONG, TRU VA NHAN SO PHUC

1. Cong va trir s6 phirc:
o (a+bi)+(@+pi)=(a+a)+(b+b)i o (a+bi)—(a+bi)=(a-a)+(b-b)i
eSbdbicitaz=a+bila-z=-a—bhi
e ii biéudiénz, i' biu dién z' thi ii+ii'biéu diénz + 2z’ va ii—ii' bicudiénz -z
2. Nhan hai so phirc :
o (a+bi)a+b'i)=(aa—bb)+(ab’ + ba’)i
® k(a+bi)=ka+kbi (ke R)

BAI TAP
Bai 1: Tim phan thyc va phan o cta cac sd phiic sau
: : . N B N [2 5,
a) (4—i)+Q2+3)—(5+i) b) 2—z+[§—21] c) (2—31)—[§—sz

1 3 1 3 1 5 3
__. _ = 2. __. = _. _ _ = _. f _ . .
d) (3 31J+( 2+ z] 21 e) [4+51j ( 4+51J ) (2-3i)(3+1i)
Bai 2: Thyc hién cac phép toan sau

a) (1+i)*> —(1-i)* b) 2+i)’ -(3-i)} C) (3+4i)’
d) (-1+i)°—(2i)° e) (1-i)!® f) 3+3i)°

T6 Toan — Khoa khoa hoc co ban Trang 40



Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

§ 12. PHEP CHIA SO PHUC

1. Tong va tich cia hai s6 phirc lién hop:
Cho s0 phtre z = a + bi, ta co:
e z+z=(a+bi)+(a—bi)=2a

e zz=(a+bi)a-bi)=a’—(bi)* =a>+b> =[]’

2. Phép chia hai s6 phirc:

02_1=LZ (z=0) 0Z—=z'z_]=£=¥ el —wez=wz
|Z|2 v4 |Z|2 7.z v4
BAI TAP
Bai 1: Tim phan thyc va phan 4o cta cac sd phuic sau:
R R L B SN g L
1+i i 1+2i 1-i
3+i 1+i a+ivb 2-3i
d ——— e) — f) — 9) ,
(1-2i)(1+1) 2—i iva 4+5i
Bai 2: Thuc hién cac phép toan sau:
3 - 2 _ _- 2
a) [ L3 py &*2)” =1 f) 2=i°
2 (3+21)° —(2+1)
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§ 13. PHUONG TRINH BAC HAI VOI HE SO THU'C

1. Cin bac hai ciia s6 phirc:
N xe A Ca A 2 ¥ -y*=a
e z=x+yi lacdanbic haictasdphic w=a+bi < 7°=w & y =
2xy=>b
e W=0codung Il canbachailaz=0
e W =0 c6 diung hai cin bac hai doi nhau
e Hai cin bac haictaa >0 la i\E

e Hai can bac haictaa <0 la J_r«/z.i
2. Phwong trinh bac hai Az + Bz + C = 0 (*) (A, B, C 1a céc sb phirc cho trude, A #0).

A=B*-4AC
s A A -B+3 e A
® A=#0:(*)co hai nghiém phan biét z,, =i (6 1a 1 can bac hai cua A)
, . . B
® A=0:(*)co | nghiémkép: 7z, =z, Y

ChU y: Néu zy € C la mét nghiém ciia (*) thi 7, cing la mot nghiém cua (*).

BAI TAP

Bai 1: Giai cac phuong trinh sau (an z):

a) 22 +|7=0 b) 2% +|7" =0
C) z+2z=2—4i d) z2-2z=0
e) |z|-2z=-1-8i f) (4-5D)z=2+i
-\ 4 . .
Z+1 2+1 -1+3i
2 =1 h =
g)(z—ij i
i) 2|z|-32=1-12i K) 3-2i)*(z+i)=3i
) [(2—i)2+3+i](iz+%j:0 m) z(S—%iJ:3+%i
3+5i . )
0) =2-4i p) (z+3i)(z-—2z+5)=0
Z
q) (22 +9)(Z—z+1)=0 r) 225 =322 +5z+3i-3=0
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Bai 2: Giai cac phuong trinh sau (an x):

a) X2 —+/3x+1=0 b) 3v2.x2 —2\3.x++/2 =0
C) X2 =B-i)x+4-3i=0 d) 32 =x+2=0
e) 3x*—24=0 f) 2x* +16=0
9) x>+ 7 =0 h) x> +(2-3i)x=0
[ ON TAP CHUONG III ]

Bai 1: Thuc hién cac phép tinh sau:
) (2—i)(=3+2i)(5—4i)
b)3+7l+5—8l
2+3i 2-3i
C) Q2-4D(5+2D)+B+4i)(—6—1)
Bai 2: Cho cac sb phirc z; =1+2i, z, =—2+3i, z; =1-i. Tinh:

)7+t b) 72, +2,23 + 233
3 % Z

d) z°+2,° +2° e) L+243
L B34

Bai 3: Ruat gon cac biéu thuc sau:
a) A=z +iz> —(1+20)2> +3z+1+3i, vdi z=2+3i

b) B=(z—2"+22°)(2—z+2%), vdi Z=%(«/§—i)

Bai 4: Tim cac sb thuc X, y sao cho:

a) (1—2i)x+(1+2y)i =1+i ) P
3+ 3-—i

C) (4—3i)x> +(3+2i)xy =4y° —%xz +Bxy—2y2)i

Bai 5: Giai cac phuong trinh sau trén tap sd phiec:

C) 72524
2, 2
7" +7

f) 2 2
Zy tZ5

A 2+5=0 b)z2+2z+2 =0 C)Z2+4z+10=0
d2-52+9=0 e) 222+3z-1=0 f)37-22+3=0
0) (z+2)(z—-2)=0 h) 22+z2+2=0 ) 2=7+2

K) 27437 =2+3i ) (z42i) +2(z420)-3=0m) =2

T6 Toan — Khoa khoa hoc co ban

Trang 43



Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

n) 422 +8l4° =8 0) i +(1+2i)z+1=0 p) A+ +2+11i =0
Bai 6: Giai cac phuong trinh sau trén tap sd phic:

a) x> —(3+4i)x+5i—1=0 b) x> +(1+i)x—2-i=0  C) 3x’>+x+2=0

d) x> +x+1=0 e) x>=1=0

5 2+l

2
7) , biét z=3+4i 1a mdt nghiém cuia phuong trinh.
Z —

Bai 7: Giai phuong trinh z =(

Bai 8: Giai cac phuong trinh sau:

a) 4223 -2 42z41=0 b) =22 -2-2z+41=0
Q) 2t —(14v2) 2 +(2442) 2 —(1442)z41=0  d) F#—43+622—47-15=0
Bai 9: Chung minh rang: néu |z <1 thi iz—.z <1.
+iz

QD5
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{ PHAN B. HINH HOC ]

Chuong I. MAT NON, MAT TRU, MAT CAU
§1. KHAI NIEM VE MAT TRON XOAY

. SUTAO THANH MAT TRON XOAY

Trong khong gian, cho mit phang (P) chtra duong thang A va mét duong (C). Khi quay
(P) quanh A mét goc 360° thi mdi diém M trén (C) vach ra mét duong tron c6 tam O
thudc A va nam trén mp vuéng goc véi A. Khi d6 (C) s& tao nén mot hinh duoc goi 1a mat
tron xoay. (C) duoc goi la duong sinh cta mat tron xoay do. A duogc goi la truc cua mat
tron xoay.

I1. NAT NON TRON XOAY

1. Mit ndn tron xoay

Trong mit phang (P) c6 hai duong thang d va A cit nhau tai diém O va tao thanh goc
nhon B. Khi quay (P) xung quanh A thi d sinh ra mgt mat tron xoay dugc goi 1a mat nén
tron xoay dinh O. A goi la truc, d goi 1a duong sinh, goc 23 goi la goc ¢ dinh cia mat non
do.
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2. Hinh nén tron xoay

Cho AOIM vudng tai I. Khi quay né xung quanh canh géc vudng OI thi duong gap khic
OMI tao thanh mot hinh dugc goi 1a hinh nén tron xoay.

— Hinh tron (1, IM): mat day
— O: dinh

— OI: duong cao

— OM: duong sinh

— Phan mat tron xoay sinh ra béi OM: mat xung quanh.

o

_

3. Khéi non tron xoay

Phan khong gian duoc gisi han bai mot hinh non tron xoay ké ca hinh nén d6 duoc goi 1a
khoi nén tron xoay.

— Piém ngoai: Biém khong thudc khdi nén.
— Piém trong: Biém thudc khdi nén nhung khong thudc hinh nén.
— binh, mat day, duong sinh

4. Dién tich xung quanh caa hinh non
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a) Mot hinh chop duoc goi 1a ndi tiép hinh nén néu day cta hinh chop 1a da giac noi tiép
duong tron day cua hinh non va dinh cua hinh chop 1a dinh cuaa hinh non.

Dién tich xung quanh cua hinh non la giéi han cua dién tich xung quanh cua hinh chop
déu noi tiép hinh nén d6 khi s6 canh day tang 1én vo han.

c¢) Dién tich xung quanh caa hinh nén bang nua tich do dai dudng tron day véi do
dai duong sinh:

qu:m"l

Dién tich toan phan caa hinh nén bang téng dién tich xung quanh va dién tich day.

= Chu y: Néu cat mat xung quanh caa hinh nén theo mét duong sinh roi trai ra trén
mot mat phang thi ta dwgc mot hinh quat ¢ ban kinh bang d6 dai duong sinh va
mot cung tron c6 do dai bang chu vi dudng tron day cia hinh nén. Khi do:
S g = S =l

quat

5. Thé tich khéi non
Thé tich khbi nén 1a gisi han cua thé tich khéi chop déu noi tiép khéi non do khi sé canh
day tdng 1€n vO0 han, vdi h 1a khoang cach tir dinh to1 day. Khi do:

V= l7rr2h
3

I11. MAT TRU TRON XOAY
1. Mit tru tron xoay

Trong mat phang (P) cho hai duong thang A va | song song nhau, cach nhau mot
khoang bang r. Khi quay (P) xung quanh A thi | sinh ra mot mat tron xoay dugc goi 1a
mat tru tron xoay. A goi la truc, | goi 1a duong sinh, r la ban kinh cua mat tru do.
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2. Hinh tru tron xoay

Xét hinh chit nhat ABCD. Khi quay hinh d6 xung quanh duong thang chira 1 canh,
chang han AB, thi duong gap khic ADCB tao thanh mot hinh dugc goi 1a hinh tru tron
xoay.

— Hai day.
— Buong sinh.
— Mat xung quanh.

— Chiéu cao.

3. Khdi tru tron xoay

Phan khong gian duoc gisi han bai mot hinh tru ké ca hinh try d6 duoc goi 1a khoi tru
tron xoay.

— Piém ngoai.

— Piém trong.

— Mit day, duong sinh, chiéu cao

4. Dién tich xung quanh caa hinh tru

a) Mot hinh lang tru dugc goi la noi tiép maot hinh tru néu hai day cua hinh lang tru noi
tiep hai duong tron day cua hinh try.
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Dién tich xung quanh cua hinh tru la gii han cua dién tich xung quanh cua hinh ldng tru
deéu noi tiep hinh tru khi s6 canh day tang 1én vo han.

b) Dién tich xung quanh caa hinh tru bang tich d6 dai duong tron day va do dai duong
sinh. Khi do: |S " =27l

X

Dién tich toan phan cua hinh try bang téng dién tich xung quanh va dién tich cua hai day.

Chu y: Néu cat mat xung quanh cia hinh tru theo mot duong sinh, roi tréi ra trén mot
mdt phang thi s& dugc mot hinh chir nhat c6 mét canh bang duong sinh | va mot canh
bang chu vi duong tron day. Khi do:

Sx Sh =2xrl

q: cn

5. Thé tich khéi tru

Thé tich khdi tru 12 giéi han cua thé tich khéi ling tru déu noi tiép khdi tru do khi sb
canh day tang lén v6 han, vadi h 1a khoang cach gitra hai mét day. Khi do:

V =7r’h

Vi du 1. Cho tam giac OIM vuong tai I, goc 10M =30°, IM = 2a. Khi quay AOIM quanh
canh goc vuong OI thi duong gap khic OMI tao thanh mot hinh ndn tron xoay.

a) Tinh di¢n tich xung quanh cta hinh nén do6.

b) Tinh thé tich khéi non tron xoay tao thanh.
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Giai
Ta c6: 1= OM =4a. Do do6: S,q = nrl = 4na’

Srza’ \/g

3

Tacé:h=OI=2a\j§:>V=

Vi du 2. Cho hinh nén tron xoay c6 duong cao h = 20cm, ban kinh day r = 25 cm.
a) Tinh dién tich xung quanh caa hinh non.
b) Tinh thé tich khbi nén tao thanh.

¢) Mot thiét dién di qua dinh cta hinh nén c6 khoang céch tir tam cia day dén mat phang
chtra thiét dién la 12 cm. Tinh dién tich thiét dién do.

S

Giai
a) Ta c6: SB=vh2+r2 =5a1. Syq = rl = 7.25. 5/21=125 a1 1 cm?.

b) Thé tich khdi non 1a: V = zr2h = 7.252.20 =125007 cm®
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11 1
OH?> 0S*> orI?

¢) Ta c6: OH L SI(I la trung diém cua AB), Do dé: = Ol =15 (cm)

AB = 2IB =40cm, SI=25cm la dudng cao ctia tam gidc SAB.

Vay: S o = %SI.AB =25.20 = 500cm?.

Vi du 3. Cit hinh nén dinh S bdi mit phang di qua truc ctia hinh nén ta duoc mot tam
gidc SAB vudng can tai S ¢ canh huyén bang a2 .
a) Tinh dién tich xung quanh, dién tich day va thé tich cua khéi nén tuwong Gng.

b) Cho day cung BC cuia duong tron day hinh non sao cho mp(SBC) tao vai mp chira day
hinh nén mét géc 60°. Tinh dién tich tam giac SBC.

Giai
a) r=2 2 o ke
2 2
_ 2ra’ S _ﬂaz_v_\/gmﬁ
X o Tddy o5 ')

b) Ta co: SHO =60°. Do d6 : OH = ﬂ, BC=2HB=22 SH= a2
: 23 J3 J3
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BAI TAP

a3

Bai 1: Cho hinh chop S.ABC c6 day la tam giac déu ABC canh a, canh bén SA= —

vudng goc voi mat phang (ABC). Goi H 1a trung diém BC. Cho tam giac SAB quay
quanh SA 3’600 dé tao thanh hinh nén. Tinh dién tich xung quanh, dién tich day va thé
tich cta khoi nén trong ng.

Bai 2: Cho hinh chop S.ABCD, day la hinh vuong canh a, SA=a+/3 vudng goc véi day.
Cho tam giac SAC quay quanh SA 360,O dé tao thanh hinh nén. Tinh dién tich xung
quanh, dién tich day va thé tich cta khoi non twong tng.

Bai 3. Cho hinh nén tron xoay c6 do dai duong sinh 1 = 40cm, ban kinh day r =20 cm.
a) Tinh dién tich xung quanh caa hinh non.
b) Tinh thé tich khbi ndn tao thanh.

¢) Mot thiét dién di qua dinh caa hinh nén c6 khoang céch tir tam cia day dén mit phang
chtra thiét dién la 5 cm. Tinh dién tich thiét dién do.

Bai 4. M6t hinh tru ¢6 ban kinh day R va duong cao R\3. A vaB1a 2 diém trén 2 duong
tron day sao cho goc hop boi AB va truc cua hinh tru 1a 30°.

a) Tinh dién tich thiét dién qua AB va song song véi truc caa hinh tru.

b) Tinh Syq, Sy, V ctia khéi tru.
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§2. MAT CAU

I. MAT CAU VA CAC KHAI NIEM LIEN QUAN PEN MAT CAU
1. Mit cau

Tap hop nhiing diém M trong khong gian cach diém O cb dinh mot khoang khong doi
bang r (r > 0) dugc goi la mat cau tdm O ban kinh r. Ki hiéu S(O; r).

S(0;r)={MlOM =r}

o Mot mit cau duoc xac dinh néu biét tim va ban kinh cua no.

b
&

2. Piém nam trong va nam ngoai mit cau. Khéi cau
e Cho S(O; r) va diém A bat ki.

—~OA =r< Anamtrén (S)

— OA <1< A nam trong (S)

— OA > r < A nam ngoai (S)

e Tap hop cac diém thuoc S(O; r) cling Véi cac diém nam trong mat cau d6 duoc goi 1a
khoi cau hoac hinh cau tam O ban kinhr.

3. Pwong kinh tuyén va vi tuyén ciia mit cau

— Mt cau 12 mit tron xoay duoc tao boi mot nira duong tron quay quanh truc chia dudng
kinh ctia duong tron do.

— Giao tuyén ctia mat cau véi cac nira mit phang c6 bo 1 truc cua miat cau duoc goi 1a
kinh tuyen ctia mat cau.

— Giao tuyén (néu c6) cia mat cau véi cac mat phang vudng goc vai truc duoc goi 1a vi
tuyeén cua mat cau.

— Hai giao diém ctia mat cau véi truc duoc goi 1a hai cyc.
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4. Biéu dién mit cau
Nhan xét: Hinh biéu dién cia mat cau qua phép chiéu vudng goc 1a mét hinh tron.
— V& mot dudng tron c6 tdm va ban kinh 1a tim va ban kinh cua mit cau.

— V& thém mot vai kinh tuyén, vi tuyén cua mit cau do.

Il. GIAO CUA MAT CAU VA MAT PHANG
Cho mat cau S(O; r) va mat phang (P). Pat h = d(O, (P)).
e h>r < (P) va (S) khong c6 diém chung.

e h=r < (P) tiép xuc véi (S).

e h <r< (P) it (S) theo dudng tron tam H, béan kinh » =r? — k> .

Puimg tron lén

Chuy:

e Diéu kién can va du dé (P) tiép xtc vai S(O; r) tai H 1a (P) vudng g6c véi OH tai H.
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e Neu h = 0 thi (P) cat (S) theo dudng tron tm O ban kinh r. Duong tron nay dugc goi 1a
duong tron 16n va (P) duoc goi la mat phang kinh ctia mat cau (S).

I11. GIAO CUA MAT CAU VOI PUONG THANG. TIEP TUYEN CUA MAT CAU
Cho mit cau S(O; r) va dudng thang A. Goi d = d(O, A).

e d>r < Ava(S)khong co diém chung.

e d=r< Atiép xdc vai (S).

e d <r< Acit (S) tai hai diém M, N phan biét.

- Chay:

< Diéu kién can va da dé duong thang A tiép xic véi mat cau S(O; r) tai diém H 1a A
vudng goc vai ban kinh OH tai H. A dugc goi 1a tiép tuyén, H dugc goi 1a tiép
diém.

< Néu d =0 thi A di qua tdm O va cat (S) tai hai diém A, B. AB 1a duong kinh cua
(S).

Nhan xét:

a) Qua mot diém A nam trén mat cau S(O; r) ¢ vo sb tiép tuyén cua (S). Tét ca cac tiép
tuyén nay déu nam trén mat phang tiép xuc vai (S) tai A.

b) Qua mdt diém A nam ngoai mat cau S(O; r) ¢ vo s tiép tuyen véi (S). Céc tiép tuyen
nay tao thanh mot mdt non dinh A. Khi d6 do dai cac doan thang keé tir A dén cac tiép
diém déu bang nhau.

— Tai mdi diém trén duong tron co 1 tiép tuyén.

— Qua 1 diém ndm ngoai duong tron cé 2 tiép tuyén. Cac doan tiép tuyén Ia bing nhau.

> €
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e Mit cau duoc goi 1a noi tiép hinh da dién néu mit cau o tiép xUc vai tt ca cac mat caa
hinh da dién.

e Mit cau dugc goi 13 ngoai tiép hinh da dién néu tat ca cac dinh cua hinh da dién déu
nam trén mat cau.

A B
IV. CONG THUC TINH DIEN TICH MAT CAU VA THE TICH KHOI CAU
Cho mat cau S(O; r).
e Dién tich mat cu: S =4zr?
« Thé tich khéi cu: V = %;zﬁ
= Chay:
e Dién tich mat cau bang 4 1an dién tich hinh tron 16n cua mat cau do.

e Thé tich khéi cau bang thé tich khdi chdp c6 dién tich day bang dién tich mat cau va cé
chiéu cao bang ban kinh cua khoi cau do.

Vi du 1. Cho hinh chép tir gide déu S.ABCD c6 canh day bing a2, ASAC vudng tai S.
Xac dinh tdm va ban kinh mat cau ngoai tiép hinh chop.

Giai

ASAC vuong tai S = 0S =0A =0C
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= 0S=0A=0C=0B=0D
= O |a thm ciia mat cau ngoai tiép hinh chop S.ABCD. Khi d6: R =0A = @

Vi du 2. Cho hinh chop S.ABC ¢6 SA =a, SB = b‘, SC=c vg;l ba canh SA, SB, SC d6i
mot vuong goc. Xac dinh tdm va ban kinh ctia mat cau ngoai tiep hinh chép.

Giai
Goi I 1 trung diém cua AB. Khi d6: I 1a tam cta dudng tron ngoai tiép tam giac SAB.
Qua I dung truc A vudng goc voi mat phang day. Mat trung truc cua SC cat A tai mot
diém O. Khi do:

OA = 0B = 0OC = 0S= O e A va O thudc mit phing trung truc cia SC.

[2 2. >
R:QA:«/012+A12:%2’+C

Vi du 3. Cho mit cau ban kinh 2cm. Tinh thé tich cua hinh 1ap phuong:
a) Noi tiép mat cau.

b) Ngoai tiép mat cau.

a2

Giai:

Canh hinh 13p phuong noi tiép mat ciu: a= 242 cm = V; = 1642 cm®.
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Canh hinh lap phwong ngoai tiép mat cau: b = 4cm = V, =64 cm®

Vi du 4. Cho hinh chop S.ABC ¢6 day ABC 1a tam gidc vudng tai B va SA L (ABC).
Goi O la trung diém cua SC.

a) Chang minh A, B, C, S cting nam trén mot mat cau.

b) Cho SA = BC = ava AB = 442 Tinh ban kinh mat cau trén.

Giai:

a) ASAC vuong tai A= 0OA=0C=0S
ASBC vubng tai B= OB = 0C = 0OS
b) Ta co: AC? = AB*> + BC? =3d*

SC?=SA’> +AC?’ =4a’=SC=2a=R=a.

BAI TAP

Bai 1: Cho hinh chép S.ABC c6 ddy la tam gidc déu ABC canh a, canh bén SA= %

vudng goc véi mit phang (ABC). Goi H 13 trung diém BC. Xéc dinh tim mat cau ngoai
tiép hinh chop, tinh ban kinh mat cau ngoai ti€p hinh chop.

Bai 2. Cho hinh chép S.ABCD, day 1a hinh vudng canh a, SA=a+/3 vudng goc voi day.
Xac dinh tAm mat cau ngoai tiép hinh choép, tinh ban kinh mat cau ngoai tiép hinh chop.

Bai 3. Cho mot hinh chdp tir gidc déu ¢ canh day 1a a, canh bén hop véi ddy mot goc
60°.

a) Xac dinh tam va ban kinh mat cau ngoai tiép hinh chop.

b) Tinh dién tich mat cau va thé tich khi cau tuong ung.
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Bai 4. Cho hinh chop S.ABC c6 day ABC la tam gidc vudng tai B va SA L (ABC). Gol
O 1a trung diém cua SC.

a) Chang minh A, B, C, S cting nam trén mot mat cau.

b) Cho SA = BC = a+/2 va AB = a. Tinh béan kinh mit cau trén.

BAI TAP ON CHUONG I

Bai 1. Cho hinh chop tir gidc déu S.ABCD c6 canh déy bang a, ASAC vubng tai S. Xac
dinh tdm va ban kinh mat cau ngoai tiép hinh chép.

Bai 2. Cho hinh chop S.ABC c6 SA=3,SB = 4,5C=5 \{é ba canh SA, SB, SC d6i mot
vuodng goc. Xac dinh tdm va ban kinh cia mat cau ngoai tiép hinh chép.

Bai 3. Cho tam giac OIM vuong tai |, géc 10M =45°, IM = a. Khi quay AOIM quanh
canh goc vuong OI thi duwong gap khic OMI tao thanh mot hinh ndn tron xoay.

a) Tinh dién tich xung quanh cua hinh non dé.
b) Tinh thé tich khéi non tron xoay tao thanh.
Bai 4. Cho hinh nén tron xoay c6 duong cao h = a, ban kinh ddy r =b.
a) Tinh dién tich xung quanh cua hinh non.
b) Tinh thé tich khéi non tao thanh.

¢) Mot thiét dién di qua dinh cua hinh nén c6 khoang céch tir tm cia day dén mit
phang chura thiét dién 1a d. Tinh dién tich thiét dién do.

Bai 5. Cit hinh nén dinh S bai mit phang di qua truc cua hinh nén ta dugc mot tam gidc
SAB vudng cin tai S c6 canh huyén bang a«/g.

a) Tinh dién tich xung quanh, dién tich day va thé tich cua khéi nén tuong Gng.

b) Cho day cung BC cua duong tron day hinh nén sao cho mp(SBC) tao véi mp chira
day hinh nén mét goc 45°. Tinh dién tich tam giac SBC.

Bai 6. Cho mat cau ban kinh r. Tinh thé tich caa hinh lap phuong:
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a) Noi tiép mat cau; b) Ngoai tiép mit cau.
Bai 7. Cho hinh Iap phuong ABCD.A’B’C’D’canh a
a. Tinh dién tich mat cau ngoai tiép hinh lap phuong
b. Tinh dién tich mat cau tiép xdc voi tat ca cac mat caa hinh 1ap phuong

Bai 8. Tinh thé tich khoi cau ngoai tiép hinh chop tam giac déu c6 cach day bang a va
chiéu cao bang h

Bai 9. Tinh thé tich khoi cau ngoai tiép hinh chop, tam gidc déu c6 canh day bang a va
chiéu cao h

Bai 10. Tinh dién tich mat cau ngoai tiép hinh chép SABC

biét SA = a, SB =h, SC = ¢ va SA, SB, SC dbi mot vudng géc. CMR: diém S, trong tam
A ABC, va tam mat cau ngoai tiép hinh chop SABC thang hang.

Bai 11. M6t hinh tru c6 hai day 1a hai hinh tron (O; r), (O'; r). Khoang cach giira hai day
1a OO’ = r«/3. M6t hinh nén ¢ dinh O’ va c6 day 1a hinh tron (O; r).
a) Goi S; la dién tich xung quanh cua hinh try, S, la dién tich xung quanh caa hinh nén.

S

Tinh ti s =L
S2

b) Mat xung quanh cia hinh non chia khoi try thanh hai phan. Tinh ti s6 thé tich hai
phan do.

Bai 12. T mot diém M nam ngoai mat cau S(O; r) ké hai duong thang cit mit cau lan
luot tai A, BvaC, D.

a) Chang minh: MA.MB = MC.MD
b) bat MO =d. Tinh MA.MB theo r va d.

Bai 13. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat véi AB = a, AD = 2a,
canh SA vudng goc véi day, canh SB tao vai mat phang day mot goc 60°. Trén canh SA

ldy diém M sao cho AM = # Mt phang (BCM) cit canh SD tai N. Tinh thé tich khoi
chop S.BCNM.
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Bai 14. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a va diém K thuoc canh CC’
sao cho CK = %a. Mt phang (P) qua A, K va song song véi BD, chia khéi lap phuong
thanh hai khdi da dién. Tinh thé tich cua hai khdi da dién do.

CHUONG II. PHUONG PHAP TQA PQ TRONG KHONG GIAN
§3. HE TOA PO TRONG KHONG GIAN

I. TOA PQ CUA PIEM VA CUA VECTO
1. Hé toa dd

Heé toa do6 Pé—cac vudng goc trong khong gian 1a hé g

om 3 truc x'0x, y'Oy, z'0z
vubng goc véi nhau tirmg d6i mot, voi cac vecto donvi i , j, k .

L]

h\x r"T'l &

l‘-l‘.
L=
""i | I

ey

R,

"y
¥i
i
T

e

2=k

ij=jk=ki=0

A. Toa @o ciaa mot diém
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M(X; V; Z) < OM = xi +yj +72k

Vi du 1: Xac dinh cac diém M(0;0;0), A(0; 1; 2), B(L; 0; 2), C(1; 2; 0) trong khong gian
Oxyz.

2. Toa d¢ cia vecto

a :(al;az;a3)<:>a =qi +a,j +a3k

Nhdn xét:
® M(x;y;z) & O0M =(x;y;2)
e T0q do Cua cac vecto don vi:
i =(1;0,0),/ =(0;1;0),k = (0;0;1) ® 0 =(0;0;0)

Vi du 2: Trong KG Oxyz, cho hinh hop chir nhat ABCD.A'B'C'D’ ¢6 dinh A trung véi
0, céc vecto AB,AD, AA" theo thir tw cung huéng Véi 7,7,k va AB = a, AD = b, AA’ =

c. Tinh toa do cac vecto AB,AC,AC',AM , Véi M la trung diém caa canh C'D’.

4z
A’-I D
:C 7
B | o
| -
- D
Al ___ -
/)6 b y
L7a
X % C

1. BIEU THUC TOA PQ CUA CAC PHEP TOAN VECTO

Dinh Ii: Trong KG Oxyz, chod =(aj;ay;a;), b =(b;by3by) . Khi do:
i) d+b=(a,+b;a,+by;a, +b;)

iy d—b=(a,—b;a,—b,;a;—by)
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iii) ki =k(ay;ay;ay) = (kayskay kay) k e R)

o V5ib#0:

a,b cung phuong

a]:kbl
ke R: a2=kb2
a3:kb3

e Cho A4Yai24)B(xgiygizg)

AB=(Xp=X,3¥p = Y432 —%4)

M la trung diém ciia doan AB: M(XA _ZHCB ;yA ;yB ;ZA ;'ZBJ
III. TICH VO HUONG
1. Biéu thirc toa dé ciia tich v hwéng

Dinh li: Trong KG Oxyz, cho: d = (a;;ay;a3), b =(by;b,3b;) .

d.b =a,b, +a,b, +asb,
2.Ung dung

a) Do dai cua mot vecto

o |&| :«falz +a§ +a§

b) Khoang céch giira hai diém

0 AB=ry=1,) (3, -y P+,
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c) Goc gitra hai vecto
a,b, +a,b, + a;b,

2. 202 [12 2 g2
\/al +a; +a; .\/bl +by +Db;

o cos(Zz,l;) =

T dosuyra a Lb < ab, +a,b, +ab, =0
Vi du 3: Trong KG Oxyz, cho A(1;1;1), B(-1;2;3), C(0;4;-2).

a) Tim toa do cac vecto AB, AC, BC, AM (M la trung diém cua BC).

b) Tim toa do cua vecto: AC+3AB, AB—2AC

¢) Tinh cac tich vo huong:  AB.AC, AB.(24C)
IV. PHUONG TRINH MAT CAU
DPinh li: Trong KG Oxyz, mdt cau (S) tam I(a; b; ¢), ban kinh r c¢6 phwong trinh:

(,r—a)2+()‘—h)2+(z—c)2 =’

Vidu 4: Viét phuong trinh mat cau c6 tam 1(1; —2; 3) va ban kinh r = 5.

Nhdn xét: Phuong trinh:

P4y 2 42ax+2by+2cz+d =0 V6i a® +b* +c? —d >0 1a phuong trinh mit cau c6 tam

I(—a; —b; —) va ban kinh r= \/a2 +b*+c?-d.
Vi du 5: Xéac dinh tam va ban kinh ciia mat cau c6 phuong trinh:
X +y2 +7 +4x-2y+6z+5=0

Giai
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Phuong trinh mit cau da cho twong dwong voi phuong trinh sau:
(X+2)2+(y=-1?+(z+3)° =3
Vay mat cau di cho c6 tam I = (-2; 1; -3), ban kinh r =3.
Vi du 4: Xac dinh tm va béan kinh cua mit ciu c6 phuong trinh:
a) (x—2+(y-1>+(z+3)> =64 C) (x+1)*+(y—2* +(z—3)* =9
b) x*+y*+22 -8x+4y—27-4=0 d) x*+y? +2% +4x—2y—4z+5=0
Vi du 5: Viét phuong trinh mat cau (S):
a) (S) cotam I(1; -3;5), r= |3
b) (S) c6 tam 1(2; 4; —1) va di qua diém A(5; 2; 3)
¢) (S) c6 duong kinh AB véi A(2; 4; -1), B(5; 2; 3).
BAI TAP
1. Cho ba vecto a=(2;-5;3),b=(0;2;-1),c=(L7;2).

a) Tinh toa d6 cua vecto d = 45—%5+36 :

b) Tinh toa d6 cua vecto e=a—4b—2c.
2. Choba diém A =(1;-1; 1), B=(0; 1; 2), C = (1; 0; 1).
Tim toa do trong tdm G cua tam giac ABC.

3. Cho hinh hop ABCD.ABCD biét A = (1; 0; 1), B = (2; 1; 2), D = (1; -1; 1),
C =(4;5;,-5). Tinh toa d6 con lai cua hinh hop.

4. Tinh
a) ab véi a=(3,0;-6), b=(2-4;0); b) cd V&i c=(L-5;2), d=(4;3;-5).
5. Tim tdm va ban kinh cua cac mit cdu c6 phwong trinh sau:

a) X*+y*+2°-8x—2y+1=0;
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b) 3x*+3y* +3z° —6x+8y+152—-3=0.

6. Lap phuong trinh mat cau trong hai trudng hop sau:
a) Co duong kinh AB vai A =(4;-3;7), B=(2; 1, 3).
b) Pi qua diém A = (5; -2; 1) va c¢6 tam C = (3; -3; 1).

§4. PHUONG TRINH MAT PHANG

I. VECTO PHAP TUYEN CUA MAT PHANG

Dinh nghia: Cho mp (P). Néu vecto 7i # 0 va c6 gia vudng goc vai (P) thi 7i dgl vecto
phap tuyen cua (P).

A/

= Chay: Néu 7 1a VTPT cua (P) thi ki (k= 0) ciing la VTPT cua (P).

a, da,
b3

a; 4
by b

a a4
b b,

b

9

Vecto 1 xac dinh ﬁ:(

} dgl tich co hwong (hay tich vecto) cua

5

hai vecto @ va b . Ki hidu: 7i=[a,b] hoac ii=dnb.

Nhgn xét:

e Tich co huong Cua hai vecto ciing la mot vecto.
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e Cap vecto @, b ¢ trén dgl cap VTCP cua (P).
Vi du 1: Tim mot VTPT ctia mat phang:

a) Qua A(2; -1; 3), B(4; 0; 1), C(-10; 5; 3).

b) Qua A(2; 0; 0), B(0; 2; 0), C(0; 0; 2).

Giai
a) AB=(21-2); AC=(-126;0); BC =(-14;5,2)
— | AB,AC |=| AB,BC | = (12;24;24) = (1;2;2).
b) AB=(-220);AC=(-20:2);BC=(-220)
[ AB,AC | =] AB,BC | =(12;24;24)
II. PHUONG TRINH TONG QUAT CUA MAT PHANG

1. Pinh nghia: Phuong trinh Ax+By+Cz+D=0, trong d6 A>+B*+C? =0, dugc goi la
phuwong trinh tong quat caa mat phang.

= Nhdgn xét:

a) (P): Ax+By+Cz+D=0 = (P)c01VTPT la i=(AB;C).

b) PT cua (P) qua M,(X,;Y,;2,) va co VTPT fi=(A;B;C) la: Axx—x,)+B(y-y,)+C(z-z,)=0.
Vi du 2: Hay tim mét vecto phap tuyén caa mat phang (o ): 4x — 2y - 6z + 7 = 0.

Vi du 3: Lap phuong trinh tong quat caa mat phang (MNP) véi M(1; 1; 1), N(4; 3; 2),
P(5; 2; 1).

Giai
Ta co: MN =(3;2;1); MP = (4;1,0).
Goi n=MNAMP =(-1;4;-5).

Phuong trinh miat phang (MNP) di qua M(1; 1; 1) va co vecto phap tuyén
n=(-14;-5) la: -1(x-1) + 4(y-1) -5(z-1) =0 < -x +4y -52+ 2 =0

2. Cac trwong hop riéng
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a) D=0 < (P) di qua O.

(P) > Ox

b)A=O<:>[
(P) // Ox

OAZB=0 {(P) /)

(P)=(Oxy)

Ax + Cz + D =0 Ax + By + D =0

Ax + D =0

Nhgn xét: Néu c&c hé sé 4, B, C, D déu khéac 0 thi c6 thé dwa phirong trinh cua (P) vé
dang:

Xy Y2 2
a b c

(2) dwoc goi |a phwong trinh ciia mdt phéng theo doan chdn.

I11. PIEU KIEN PE HAI MAT PHANG SONG SONG, VUONG GOC

1. Piéu kién d@é hai mat phang song song
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Trong KG cho 2 mp (Py), (P,):
(R):Ax+By+Cz+D, =0
(P):Ax+B,y+C,z+D, =0

e (R)/(R)

PN {(Ail Bl;Cl) = k(Az; Bz;Cz)
D, #kD,

e (R)=(R)

- {(A:Bl:cl)=k(Az:Bz:cz)
D, =kD,

e (P1) cat (P,)
< (AB;C) #k(A;B,:C,)
Vi du 4: Cho hai mp (P,) va (P,):
(Py): x—-my+4z+m=0
(Po): x—2y+(m+2)z-4=0
Tim m dé (P,) va (P,):
a) song song
b) trung nhau
¢) cit nhau.

Vi du 5: Viét PT mp (P) di qua diém M(1; —2; 3) va song song véi mp (Q):
2x—-3y+z+5=0.

Giai

Vi (P) // (Q) nén (P) ¢6 VTPT fi=(2-31).
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= (P): 2(x-1)-3(y+2)+1(z-3)=0
< 2x-3y+2z-11=0.
2. Piéu kign dé hai mgt phing vudng goc
(P) L(P) < AA +BB,+CC, =0

-t

Vi du 6: Xac dinh m dé hai mp sau vuéng géc véi nhau:
(P): 2x-7y+mz+2=0
(Q): 3x+y-2z+15=0
Giai
() L(R) = A +BB, +CC, =0 m=-Z.
Vi du 7: Viét phuong trinh mp (P) di qua hai diém A(3; 1; —1), B(2; —1; 4) va vudng goc
véi mp (Q): 2x-y+3z-1=0.
Gial
(P) c6 cap VTCP la:
AB =(-1,-2;5) Va fiy =(2-13); i, = AB,1, |=(-1135)
= (P): x-13y-5z+5=0.
IV. KHOANG CACH TU MOQT PIEM PEN MQT MAT PHANG

Pinh Ii: Trong KG Oxyz, cho (P): Ax+By+Cz+D=0 va diém M,(X,;Yy:Z,) -
Trang 70
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AX, +By, +Cz, +D|
<1|(|\/|:(F’))=| s
° JAZ 1B+ C?
M,
[ y 7

Vi du 8: Tinh khoang cach tir diém M dén mp(P):
a) M(1; -2; 13) ; (P): 2x-2y-z+3=0 b) M(2; -3; 5); (P): 2x—y+2z-6=0
c) M(1; —4; -2); (P): x+y+5z-14=0 d) M(3; 1; -2); (P) = (Oxy)
Giai
Q) dM.(P)=3; b) d(M.(P) =7
c) d(M,(P))=+27; d) d(M,(P))=2
Vi du 9: Tinh khoang cach gitra hai mp song song (P) va (Q):
a) (P): x+2y+2z+11=0; (Q): x+2y+2z+2=0
b) (P): 4x—y+8z+1=0; (Q): 4x—y+8z+5=0
Giai
Bang khoang cach tir 1 diém trén mp nay dén mp kia.
a) Lay M(0; 0; -1)  (Q).
d((P),(Q))=d(M,(P))=3

b) Lay M(0; 1; 0) € (P)

d((P),(Q))=d(M,(Q))=g
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Vi du 10: Viét pt mat cau (S) c6 tam | va tiép xdc véi mp (P):

) {I(3;—5;—2) b) {I(1;4;7)
(P):2x—y-3z+1=0 (P):6x+6y—-72+42=0

Gial
R=d(l,(P))

a) (x=3)*+(y+5)°+(z+2)° :g

b) (x-1%*+(y-4)*+(z-7)° =(§j

Vi du 11: Viét phuong trinh mat phang (P) tiép x(c voi mat cau (S) tai M:

a) (S):(x=3)+(y-D*+(z+2)?* =24 b) (S):(x-1)%+(y+3)* +(z-2)* =49
M (-13;0) M (7;-15)

Giai
Tacod: fi=IM

a) (P): -4(x+1)+2(y—-3)+2z=0

b) (P):6(x=7)+2(y+1)+3(z-5)=0

BAI TAP
1. Viét phuong trinh cua mat phang:
a) Diqua diém M(L; -2; 4) vanhan n=(23;5) lam vecto phap tuyén;
b) Pi qua diém A(0; -1; 2) va song song Vi gia ctia mdi vecto u=@3;21)va
v=(=3;0;1).
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¢) Diqua 3 diém A(-3; 0; 0), B(0; -2; 0) va C(0; 0; -1).
2. Viét phuong trinh mat phang trung truc cua doan thang AB vai A(2; 3; 7), B(4; 1; 3).
3. a) Lap phuong trinh cua cac mit phang toa do (Oxy), (Oyz), (Oxz).

b) Lap phuong trinh cua cac mit phiang di qua diém M(2; 6; -3) va lan luot song song
véi cac mat phing toa do.

4. Lap phuong trinh ctia mit phang:
a) Chtra truc Ox va diém P(4; -1; 2);
b) Chtra truc Oy va diém Q(1; 4; -3);
¢) Chua truc Oz va diém R(3; -4; 7).
5. Cho tir dién co6 cac dinh la A(5; 1; 3), B(1; 6; 2), C(5; 0; 4), D(4; 0; 6).
a) Hay viét phuong trinh ctia cac mat phang (ACD) va (BCD).
b) Hay viét phuong trinh mat phang (o) di qua canh AB va song song véi canh CD.

6. Hay viét phuong trinh mat phang (o) di qua diém M(2; -1; 2) va song song Vi mat
phang (B): 2x -y + 3z +4 =0.

7. Lap phuong trinh mat phang (o) di qua hai diém A(1; 0; 1), B(5; 2; 3) va vudng goc
v6i mat phang (B): 2x -y +z -7 =0.

8. Xac dinh cac gia tri cia m va n dé mdi cap mat phang sau day 1a mot cap mat phang
song song véi nhau:

a)2x+my+3z-5=0 va nx-8y-6z+2=0;

b)3x-5y+mz-3=0 va 2x+ny-3z+1=0.

9. Tinh khoang céch tir diém A(2; 4; -3) lan luot dén cac mat phang sau:
a)2x—-y+2z-9=0;
b) 12x — 5z +5 =0;
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c)x=0.

§5. PHUONG TRINH PUONG THANG TRONG KHONG GIAN

I. PHUONG TRINH THAM SO CUA PUONG THANG

Pinh Ii: Trong KG Oxyz, cho dwong thang A di qua diém Mo(Xo; Yo, Zo) V& nhdn vecto
d=(a;a,a,) lam VICP. Diéu kién can va dii dé diem M(x; y; z) nam trén A la c6 mét sé
thuc t sao cho:

X=X, +ta,

y=y,+ta,
7=1,+1a,

Pinh nghia: Phuong trinh tham s6 cua duong thang A di qua diém Mg(Xo; Yo, Zo) Va cO
VTCP a=(a;a,;a,) la phuong trinh c6 dang:

X=X, +ta

Y=Y, +t8.2
7=1,+ta,

trong d6 t 1 tham sd.

= Chua y: Néu aj, a,, a; déu khac 0 thi c6 thé viét phuong trinh cia A dudi dang
chinh tic:

X=X _Y=Yo _2-%
a  a

Vidu 1: Viét PTTS cua duong thang A di qua diém Mg va c6 VTCP 4, véi:

a) M(L2,-3),d=(-135) b) M(0;-2;5),d=(0;14)
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¢) M(L3-1),d = (L2-1) d) M(3,-1-3),a=(L-2;0)

Vi dy 2: Cho cac diém A(2;3;-1), B(1; 2; 4), C(2; 1; 0), D(0;1;2). Viét PTTS cua cac
dudng thing AB, AC, AD, BC.

Giai
AB=(-1-15), A(2;3;-1)

X=2-t
= PTTScua AB: {y=3-t
z=-1+5t

Céc phuong trinh duong thang con lai HS ty giai twong tu.
Vidu 3: Viét PTTS cua A di qua diém A va vudng goc véi mat phang (P):
a) A(-2,4,3), (P):2x-3y+62+19=0; b) A321), (P):2x-5y+4=0;
¢) A(1; -1; 0), (P)=(Oxy); d) A(2; -3; 6), (P)=(Oyz2);
Giai

a) ViAL(P)nén a=n=(2;-3;6)
X=-2+2t

= PTTS cua A: {y 4-3t
z=3+6t

Vi du 4: Cho dudng thang A ¢6 PTTS. Hay x4c dinh mot diem M € A va mot VTCP cua
A.
x=-1+2t
A iy=3-3t
7=5+4t

Giai
Chot =ty thay vao PT cua A. V6it=0= M(-1; 3;5) € A.

T6 Toan — Khoa khoa hoc co ban Trang 75



Tap bai giang toan 4 Trwong CDKT Ly Tw Trong TP.H6 Chi Minh

II. PIEU KIEN PE HAI PUONG THANG SONG SONG, CAT NHAU, CHEO
NHAU

1. Piéu kién dé hai dwong thiang song song

Goi a=(a;a,3,),d =(a;a,;a,) lan luot 1a VTCP cua d va d'. Ly M(Xo; Yo; Zo) € d.

d//d e 1375
Megd

e d
/

Pichist d=d’e 27
Med'

Vi du 5: Ching minh hai thang sau song song song:

x=1+t  |x=2+2 x=1+2t  |¥=-1-2
a) d:qy=2t ;d:qy=2+4t b) d:isy=2+t;d :qy=2-t'
z=3-t z=5-2t 72=3+2t 7=-3-2t
c)
d_x—l_y—2_z—3
9 6 3
CI,_x—7_ y-6 z-5
6 4 2
Gial

a) a=@L2-1), & =(24-2)

= &, d cung phuong.
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Vi du 6: Viét phwong trinh duong thang A di qua diém A va song song véi dudng thang d
cho trudéc:

X=2-3t X =3+ 4t

a) A(2;-5; 3),d: qy=3+4t b) A(1;-3;2),d: cy=2-2t
z=5-2t z=3t-1

¢) A(4: —2:2),d: X+2_y=5_2-2 d) A(5; 2; -3), d: X+3_y-1_z+2
4 2 3 2 3 4

Giai
Vi A/l dnén A ciing nhan VTCP cua d lam VTCP.
a) Phuong trinh dudng thing di qua A(2; —5; 3) va c6 VTCP us =(-3;4;-2) 1a:
x=2-3t

y =-5+4t
z=3-2t

b) , c¢), d) giai twong tu nhu cau a).
2. Piéu kién dé hai dwong thang cit nhau
Cho 2 duong thang

X=X, +1a, X=X+t
d: {y=y,+ta,,d: yy=y,+t'a

Z=1,+ta, z=z;)+t'a;
d va d’ cat nhau < hé pt an t, t’ sau c6 ding 1 nghiém:

X, +ta, = x, +t'a,
Yo +1a, = yé) "’t’alz (*)

2, +ta, =27, +t'a,

Vi du 7: Tim giao diém cua hai duong thang sau:
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, x=1+t
x=1+t X=2-2t d:dy=2+2t
a) d:qy=2+3t,d :qy=-2+t' b) 71—t
z=3-t 7=1+3t' d,_x—lzy—2=z—1
3 1 1
X = 3t x=1+t' =3+ 2t X=5+t'
C) d:qy=1-2t,d:yy=2t d) d:{y=-2+3t,d" :qy=-1-4t
z=3+t z=4+1t z=6+4t 7=20+t'

Vi du 8: Tim m dé hai duong thang d va d’ cat nhau. Khi d6 tim toa d6 giao diém cua ching

x=1+mt x=1-t Xx=1-t X=2+1
a) d:<y=t dyy=2+2t b) d:{y=3+2t,d" :yy=1+t
z=m+t  |z-p-3

z=-1+2t 7=3-1
3. Piéu kién dé hai dwong thang chéo nhau

Cho 2 duong thang

C,

X =x+1a X=xy+taq

. r ' rt
d: yy=y,+1a,,d": yy=y,+7a,
2=27 +la =g +1ay

d va d’ chéo nhau < hai VTCP khong cing phuong va hé pt an't, ' sau v nghiém:

x0+ta1=x0+ta1
Vo .
Yo +1ay =y, +1'ay (¥)
Zp ttay=zy+1ta,
edld o adald.

Vi du 9: Chiing to céc cap duong thang sau chéo nhau:
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x=1+2t x=1+3/ x=1-21 x=21
a) d:vy=—1+3t,d :{y=-2+2¢ b) d:{y=3+t .d :yy=1+¢
=5+t z=—1+21 z=-2-3t z=3-21
)d:x;ZZX%;=§ d)d:x;7=y;3:za9
c _ _
d,:zzy—1=z+l d,:x—3=y—1:z—1
1 2 4 -7 2 3

BAI TAP

1. Viét phuong trinh tham sb ciia duong thang d trong mdi trudng hop sau:

a) d di qua diém M(5; 4; 1) va c6 vecto chi phuong a= (2;-3;1);
b) d di qua diém A(2; -1; 3) va vubng goc véi mit phang (o) o phuong trinh
Xty—-z+5=0;

x=1+2t
¢) ddi qua diém B(2; 0; -3) va song song véi duong thang A:{y =-3+3t;
z=4t

d) d di qua hai diém P(1; 2 ; 3) va Q(5; 4; 4).
Viét phuong trinh tham s caa duong thang 1a hinh chiéu vudng goc cia duong

X=2+t
thang d: {y =—-3+2t
z=1+3t

lan luot trén cac mat phang sau:
a) (Oxy); b) (Oyz).
Xét vi tri twong ddi cuia cac cap duong thang d va d cho bai cac phuong trinh sau:

X =-3+2t X=5+t
a) didy=-2+3t vad:<y=-1-4t
z=6+4t z=20+t
X=1+t X=1+2t
b) dijy=2+t va d:Jy=-1+2t.
z=3—-t z=2-2t
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4. Tim a dé hai duong thiang sau ddy cat nhau:

x =1+at x=1-t
dy y=t vad:{y=2+2t.
z=—1+2t z=3-t
5. Tim sb giao diém cua duong thang d véi mat phang (o) trong cac trudng hop sau:
x=12+4t
a) d:< y=9+3t va (a): 3x+5y-z-2=0;
z=1+t
x=1+t
b) di{y=2-t va (a):x+3y+z+1=0;
z=1+2t
x=1+t
c) diiy=1+2t va (a):x+y+z-4=0;
z=2-3t
X =-3+2t
6. Tinh khoang cach giita duong thang A: {y=—1+3t va mat phang
z=—-14+2t
(a):2x—y+z+3=0.
X=2+t
7. Cho diém A(1; 0 ; 0) va dudng thang A: {y =1+2t.
z=t

a) Tim toa do diém H 12 hinh chiéu vudng goc caa diém A trén duong thang A.
b) Tim toa do diém A’ d6i xitng véi A qua dudng thang A.

8. Cho diém M(1; 4; 2) va mat phang (a): x +y+z-1=0.
a) Tim toa do diém H 12 hinh chiéu vudng gdc cua diém M trén mat phang (o).
b) Tim toa do diém M ddi xiing véi M qua mat phang (o).
¢) Tinh khoang cach tir diém M dén mat phang (a).

9. Cho hai dudng thang
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x=1-t Xx=1+t
diqy=2+2t vad:<y=3-2t.
z =73t z=1

Churng minh d va d chéo nhau.

ON TAP CHUONG III

1. Cho bén diém A(1; 0; 0), B(0; 1; 0), C(0; 0; 1), D(-2; 1; -1).

a) Chang minh A, B, C, D 1a bén dinh cua mét ta dién.

b) Tim gdc gitta hai duong thang AB va CD.

c) Tinh d¢ dai duwong cao cua hinh chop A.BCD.
2. Cho mat cau (S) c6 dudng kinh 1a AB biét raing A(6; 2; -5), B(-4: 0: 7).

a) Tim toa do tam | va ban kinh r ciia mat cau (S).

b) Lap phuong trinh ctia mat cau (S).

¢) Lap phuong trinh cia mat phang (o) tiép x(c véi mat cau (S) tai diem A.
3. Cho bén diém A(-2; 6; 3), B(1; 0; 6), C(0; 2; -1), D(1; 4; 0).

a) Viét phuong trinh mat phang (BCD). Suy ra ABCD la mat tir dién.

b) Tinh chiéu cao AH cua tir dién ABCD.

¢) Viét phuong trinh mat phang (o) chira AB va song song vai CD.
4. Lap phuong trinh tham s6 ciia duong thang:

a) Di qua hai diém A(L; 0; -3), B(3; -1; 0).

b) Pi qua diém M(2; 3; -5) va song song vai dudng thang A c6 phuong trinh

X=-2+2t
y=3-4t
z=-5t

5. Cho mit cau (S) ¢ phuong trinh: (x—3)> +(y +2)* +(z—1)> =100 va mat

phang (o) c6 phuong trinh 2x — 2y —z + 9 = 0. Mit phang () cit mit cu (S) theo
mot duong tron (C).

Hay xac dinh toa @6 tam va tinh ban kinh ctaa duong tron (C).

6. Cho mit phang (o) c6 phuong trinh 3x + 5y — z — 2 = 0 va duong thang d ¢6
phuong trinh
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x=12+4t
y=9+3t
z=1+t.

a) Tim giao diém M cua duong thang d va mat phang (o).
b) Viét phuong trinh mat phang (p) chira diém M va vubng goc véi dudng
thang d.
7. Cho diém A(-1; 2; -3), vecto a=(6;-2;—3) va duong thing d c6 phuong trinh:
x=1+3t
y=—1+2t
z=3-5t.

a) Viét phuong trinh mit phang (o) chira didm A va vudng goc véi gia cua a.
b) Tim giao diém M cua d va (a).
c) Viét phuong trinh duong thing A di qua diém A, vudng goc véi gia cua a va cit
duong thang d.
8. Tim toa do diém H 1a hinh chiéu vuéng goc caa diém M(1;-1; 2) trén mat

phang (o) 2x —y +2z +11 = 0.

9. Cho diém M(2; 1; 0) va mat phang (a): X + 3y —z -27 = 0. Tim toa d6 diém M’
d6i xtng véi M qua (o).

10. Viét phuong trinh dudng thang A vudng goc voi mit phang toa do (Oxz) va cat
hai duong thang

X =t x=1-2t
dijy=—4+t vad:<y=-3+t.
z=3-t z=4-5¢t
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